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Question 1: (Gale 1967) Suppose there is a finitely lived agent such that t = 0, 1, . . . , T .
There is a single consumption good and the agent’s instantaneous utility function over consump-
tion is u(c) = log(c). The agent’s discount factor is β < 1. Suppose the agent is endowed with
s0 units of the consumption good and has access to a storage technology tht takes s units of
period t consumption goods and transforms it into s units of period t + 1 consumption goods.
Each period the agent chooses how much of his endowment to consume or to save (using the
storage technology) for the next period.

(a) Write the agent’s dynamic optimization problem in either sequential or recursive form.

(b) Solve for the agent’s optimal paths of consumption and savings {ct, st+1}Tt=0 given the
endowment s0. Your answers should be analytical expressions. (Hint: sT+1 = 0.)

Question 2: (Cass-Koopmans Growth Model) Consider an infinite horizon economy,
t = 0, 1, 2, . . . . There is a single consumption good. There exists a representative agent who
values the consumption good according to an instantaneous utility function u(c) and discounts
time with factor β < 1. The representative agent has access to an investment technology
that transforms k units of the consumption good today into kα units of the consumption good
tomorrow. Assume that α < 1. Each period, the representative agent chooses how much to
consume (c) and how much to invest (k′). In sequential form, the Social Planner’s problem is:

max
{ct,kt+1}∞t=0

∞∑
t=0

βtu(ct)

s.t. ct + kt+1 ≤ kαt + (1− δ)kt
ct, kt+1 ≥ 0

given k0

(a) Write the Bellman equation.

(b) Assume that u(c) = log(c) and δ = 1 and solve the dynamic program in (a). To obtain a
solution, guess and verify that v(k) = A + B log(k) and solve for A and B. Your answer
should be an analytical expression for the value function v(k), the consumption policy
function c(k) and the capital savings policy function k′(k).
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